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Abstract. In this note we present the Pohozaev identity for the fractional Lapla- 
cian. As a consequence of this identity, we prove the nonexistence of nontrivial 
bounded solutions to scmilincar problems with supercritical nonlinearities in star- 
shaped domains. 

Resume. Dans cette note, nous presentons l'identite de Pohozaev pour le Lapla- 
cien fractionnaire. Comme consequence de cette identite, nous prouvons la non- 
existence de solutions non triviales pour les problemes semi-lineaires avec non- 
linearite sur-critique dans des domaines etoiles. 



1. Introduction 
Let s 6 (0,1), and consider the fractional elliptic problem 



(1.1) 

in a bounded domain Q C R n , where 



A) s u = f(u) inn 
u = inR n \fi, 



i . % q / % TOr f u(x) — u(y) , 

(—A) s u(x) — c n>s PV / A W dy 
j Rn \x — y\ 

and c nyS is a normalization constant. 

When s = 1, a celebrated result of S. I. Pohozaev states that any solution of ( II. ip 
satisfies an identity, which is known as the Pohozaev identity j2]- This classical 
result yields, as an immediate consequence, the nonexistence of nontrivial bounded 
solutions to ( 11. ip for supercritical nonlinearities / in star-shaped domains Q. In this 
note we present the fractional version of this identity, that is, a generalization of the 
Pohozaev identity which applies to problem (jl.ip . This result will be proved in a 
forthcoming paper [3], and reads as follows. Here, since the solution u is bounded, 
the notions of energy and viscosity solution agree (see [3]). 
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Theorem 1.1. Let Q be a bounded and C 1,1 domain, f be a locally Lipschitz func- 
tion, u G H s (M. n ) be a bounded solution of M.l\) , and 5(x) = dist(x, dQ). Then 

u/5 s \ n G C°' a (n) for some a G (0, 1), 

meaning that u/5 s \n has a continuous extension to Q which is C 0,a (Q), and the 
following identity holds 

(2s -n) / uf(u)dx + 2n / F(u)dx = T(l + s) 2 / Q^) 2 (x ■ u)da, 

where F(t) = J Q * /, v is the unit outward normal to <9f2 at x, and T is the Gamma 
function. 

Note that the function u/5 s \qq } plays the role that du/dv plays in the classical 
Pohozaev identity. Moreover, our Pohozaev identity for s — 1 is obviously the 
classical one, since w/5|an = du/dv and T(2) = 1. 

As an immediate consequence of this identity we improve some recent results 
of M.M. Fall and T. Weth |T] on nonexistence of solutions to problem ( II. ip with 
supercritical nonlinearities in star-shaped domains. 

Corollary 1.2. Let Q be a bounded, C 1,1 , and star-shaped domain, and f be a locally 
Lipschitz function. If 

(1.2) uf(u) > / f(t)dt for all ueR, 

2n Jo 

then problem U.l\) admits no positive bounded solution. 

Moreover, if the inequality in U.S\) is strict, then U.l\) admits no nontrivial 
bounded solution. 

The proof of the nonexistence results in [1] uses the method of moving spheres and, 
therefore, in [IJ solutions are assumed to be positive. Our nonexistence result is the 
first one allowing changing-sign solutions. As in we may allow also nonlinearities 
f(x,u) depending on x G Q; see [3]. 

In addition to Theorem 11.11 in [5J we will also obtain the following integration by 
parts formula. 

Theorem 1.3. Let Q be a bounded and C 1 ' 1 domain. Assume that u and v are 
bounded solutions of (—A) s u = g(x,u) and (— A) s v = h(x,v) in Q, and u = v = 
in M. n \Q, for some g,h G C^l^Q x M), and let 5(x) = dist(x, dQ). Then, u/5 s \n and 
have C 0,a (Q) extensions and it holds 

^(-A)% v Xi dx = -J u x .(-A) s v dx + r(l + s) 2 1^ (^) (^) Ui da 

for all i G {1, ...,n}, where v is the unit outward normal to dfl at x and T is the 
Gamma function. 
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2. Sketch of the proofs 



Let us next give an sketch of the proof of our fractional Pohozaev identity in star- 
shaped domains. The identity in non star-shaped domains is deduced afterwards 
using a partition of the unity, as shown in [3]. The main idea of the proof is to use 

u\(x) = u(Xx), A > 1, 

as a test function in the weak formulation of problem (11.11) and then differentiate the 
obtained identity with respect to A at A = 1. However, this apparently simple formal 
procedure requires a quite involved analysis when it is put into practice. Namely, 
it needs fine boundary regularity results for u and u/5 s , (the main one obtained 
through a Krylov boundary Harnack method), as well as the precise behavior of 
(— A) s l 2 u in all of M n . Recall that we denote 5(x) = dist(x, <9f2). 

Although Corollary 11.21 follows immediately from Theorem 11.14 we gi ye here a 
short proof of the nonexistence result for supercritical nonlinearities /, that is, when 
inequality in (11.21) is strict. The proof of this result follows the same method that we 
use to establish the Pohozaev identity, but it does not require the precise analysis 
mentioned above. 

The proofs start by showing that 

(2.1) f(x- Vu)(-A) s u dx= ^- [u x (-A) s udx. 

Jn dX A=1+ J n 

This equality follows from the gradient estimate |Vu| < C5 s ~ l in Q and the domi- 
nated convergence theorem. This gradient estimate is proved using standard regu- 
larity arguments, detailed in [3]. 

Now we use U\, X > 1, as a test function for problem (11. ip . At this point it is 
crucial to assume that the domain Q is star-shaped, which guarantees that u\ = 
in R n \Q. We obtain 

u x (-A) s udx= [ {-A) s l 2 u x {-A) s / 2 u dx = X s [ w x wdx. 



where w(x) = (—A) s ^ 2 u(x) and w\(x) = w(Xx). 

Moreover, with the change of variables x h- >■ X~ x l 2 x this integral becomes 



u\{— A) s u dx = X s J w\w dx = X 2 

which leads to 

(Vu ■ x)(-A) s udx = 
2s — n 



w Vx w i/Vx 



dx, 



d 

dX 



(2.2) 



2 

2s — n 



\{-A) s,2 u\ 2 dx + 
u(-A) s n dx + 



dX 

1 d 

2 dX 



w Vx w i/Vx dx 

d r 

a i ir 

w x w 1/x dx. 



w Vx w i/Vx dx 



A=lH 
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Furthermore, since (— A) s u = f(u) in Q and 

/ (x ■ Vu)(-A) s udx = / x -VF(u)dx = —n \ F(u)dx, 
Jn Jn Jn 

(12.21) reads as 

(2.3) -n I F(u)dx = 2s U f uf{u)dx + ~ ^- [ w x w 1/x dx. 
Jn * Jn ^ a=i+ JR n 



Thus, the Pohozaev identity is equivalent to 



J A = -r(l + s) 2 f (^)\ x .v)da, 
i+ Jon v ^ J 



where 

h = / w x w 1/x dx. 

This equality is the difficult part of the proof of the Pohozaev identity. 

The quantity ^k =1 + f Rn w x wy x vanishes for any C 1 (lR n ) function w — as can be 
seen by differentiating under the integral sign. Instead, the function w = (—A) s ^ 2 u 
has a singularity along dQ, and a crucial part of our proof consists of establishing 
the precise behavior of (— A) s ^ 2 u near <9f2 (from both inside and outside O), namely 

(-A) s ' 2 u(x) = ci {\og5(x) + c 2X n(x)} ^{x*) + h{x), 

where c\ and c 2 are constants, x* is the nearest point to x on dQ, and h is a C 0,a 
function. 

In contrast with equality (12.41) — which is delicate to prove — , the inequality 



d 

^ dX 



h<0 

A=l+ 



follows easily from Cauchy-Schwarz. Indeed, we have 

h < ||^a|| z,^ ||^i/A || = \\w\\ 2 l2 = h, 
and thus < 0, which yields ASS- Finally, by and tfHfy we deduce 

r n — 2s f 
n j F{u)dx > / uf{u)dx. 



This yields the nonexistence result in star-shaped domains for supercritical nonlin- 
earities, that is, Corollary 11.21 with strict inequality in (II. 2p . 
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